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For asymptotically flat initial data of Einstein's equations 
satisfying an energy condition, we show that the Penrose in- 
equality holds between the ADM mass and the area of an out- 
ermost apparent horizon, if the data are restricted suitably. 
We prove this by generalizing Geroch's proof of monotonicity 
of the Hawking mass under a smooth inverse mean curvature 
flow, for data with non-negative Ricci scalar. Unlike Geroch 
we need not confine ourselves to minimal surfaces as horizons. 
Modulo smoothness issues we also show that our restrictions 
on the data can locally be fulfilled by a suitable choice of the 
initial surface in a given spacetime. 
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An important issue in General Relativity is the "cos- 
mic censorship conjecture" which reads, roughly speak- 
ing, that singularities (which necessarily develop in grav- 
itational collapse in the future of apparent horizons) are 
always separated from the outside world by event hori- 
zons. Penrose gave a heuristic argument which showed 
that, for collapsing shells of particles with zero rest mass, 
cosmic censorship would imply the inequality 



M > 



A 
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(1) 



between the total mass (the ADM-mass) M of the space- 
time and the area A of an apparent horizon H Q . While 
for such shells inequality ([!]) was recently proven by Gib- 
bons H , there has remained the challenge of proving (in- 
dependently of cosmic censorship) the Penrose inequality 
(PI) (|) in the "general case" characterized below. 

We consider a spacetime (Ad^g^) and a correspond- 
ing initial data set (A/", g^, fey), i.e. a smooth 3-manifold 
Af (which can be embedded in M), a positive definite 
metric gij and a symmetric tensor fc,j (the second funda- 
mental form of the embedding) . To be compatible with 
Einstein's equations on Ai, these quantities satisfy the 
constraints 



Di {k\ 



k5\) = 



R 
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where Di is the covariant derivative and R the Ricci 
scalar on A/", k = g lJ kij, and p and ji are the energy 



density and the matter current, respectively. We take the 
data to be asymptotically flat and to satisfy the dominant 
energy condition (which implies that p > |j|). Further- 
more, we assume that the boundary of Af (if non-empty) 
is a "future apparent horizon" H (called a "horizon" from 
now on) which is a 2-surface defined by the property that 
all outgoing future directed null geodesies (in Ai) orthog- 
onal to Ti have vanishing divergence, i.e. 9 + = 0, and 
that the divergence of the outgoing past null geodesies 
is non-negative, i.e. 6- > 0. (Past apparent horizons 
are defined similarly, and satisfy analogous theorems). 
If 6* + = = on H, the horizon is an extremal sur- 
face of (Af, g^ ) and the outermost extremal surface in an 
asymptotically flat space must be minimal. 

As an idea for proving the positive mass theorem 
(PMT) Geroch considered an asymptotically flat Rie- 
mannian manifold (A/ - , gij ) with non- negative Ricci scalar 
R (which naturally arises from initial data sets described 
above by restricting fey suitably) and assumed that on 
(Af, gij) there is a smooth "inverse mean curvature flow" 
(IMCF). This means that one can write the metric g^ as 



ds = (j> dr + qAsdx dx 



(4) 



(where A, B — 2, 3), with smooth fields and qAB, and 
with p<j) = 1 where p is the mean curvature of the surfaces 
r = const. (This parametrization yields dA/dr = A, i.e. 
the area A of the surfaces increases exponentially). As- 
suming also that these surfaces have spherical topology, 
Geroch showed that the mass functional 
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is monotonic under a smooth IMCF, i.e. 
H- In some cases (in particular, when fey- 
special case of the functional 



(5) 

dM G /dr > 
= 0) M G is a 



M H (S) = 



A 
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introduced earlier by Hawking H . Recently, Huisken and 
Ilmanen proved that monotonicity of Mq also holds with- 
out the smoothness assumption on the flow |^,^]. Since 
Mq tends to M at spatial infinity 7°, flowing by IMC out 
of a point proves the positive mass theorem (M > 0) on 



1 



manifolds without minimal surfaces (for which p = 0). 
On the other hand, since Mq equals wA/16-n on a min- 
imal surface, flowing from the outermost such surface to 
infinity proves the special case of the PI (|3) for which 
horizons coincide with minimal surfaces 0- |7]]. 

In the present Letter we show that the Hawking mass 
(^J) is also monotonic under a smooth IMCF provided 
that certain rather simple supplementary conditions are 
satisfied. To motivate the latter and to compare them 
with previous work, it is useful to formulate first, as a 
conjecture, the sharpened version 



M 2 > 
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of the PI (c.f. for a careful formulation). This in- 
equality seems natural in view of the PMT M > \P\ for 
the ADM-momentum P |9|, [l0| (w hich also holds in the 
presence of apparent horizons [ll]|lj] ) . Note that the an- 
ticipated result (0) only involves the area A and the norm 
M 2 - P 2 of the ADM 4-vector P^ which are spacetime 
quantities. On the other hand, we wish to show mono- 
tonicity of (^|) for a class of data (A/ - , <?y , fey ) as general 
as possible. For this purpose we can now pursue either 
an "invariant" approach in which an arbitrary hypersur- 
face Af connecting TL with 1° is admitted, or a "gauge" 
approach for which Af is fixed suitably. While in the 
former setting we obtain monotonicity of Mh only for a 
restricted class of data, this monotonicity then directly 
implies the PI since (like Mq) Mh still tends to lyA/Wir 
on the horizon and to M at 7°. On the other hand, in the 
"gauge approach" we can implement restrictions on the 
data by determining Af via initial conditions on TL and 
via a suitable local propagation law. However, here we 
cannot guarantee that Af really ends up at 1° rather than 
becoming hyperboloidal and approaching null infinity. 

As to the "invariant" approach, Jang has presented 
a generalization of the functional (|^) which is, for any 
data (A/", <?y, fey), monotonic when propagated outwards 
with a flow determined by a certain quasilinear partial 
differential equation 14 1. If existence of solutions for 
this equation could be proven, then it would follow that 
M > \P\, and M = would imply that (A/",<7y,fey) are 
data for flat space. Unfortunately, Jang's equation is too 
complicated to be tractable at present. Moreover, as to 
possible extensions towards a PI, the boundary terms at 
the horizon seem to be difficult to analyze in this method. 

On the other hand, the "gauge" approach to proving 
the PI has been put forward by Frauendiener |@|. He 
suggests to construct a foliation S(r) and a hypersurfacc 
Af by starting from TL and moving outwards with the 
"inverse mean curvature vector" (assuming this is space- 
like), 



(pm^ — qn^) , 



(8) 



where 1+ and It are, respectively, tangent to the fu- 
ture and past outgoing null geodesies emanating or- 
thogonally from a level surface S(r), with Itl-^ = 1, 
y/2m^ = 11 + It, V2n^ = Z£ - It, 2p = 8+ + (9_ and 
2q = 9 + — 6- . While is uniquely defined (by the first 
equation (|J)), m M , n M , p and q depend on the scaling 
It — * Xlt, It —> \~ x lt (with some function A on S(r)). 
By choosing A suitably we can achieve that and 
are, respectively, parallel and orthogonal to any space- 
like hypersurface Af. In particular, when J M is required 
to be tangent to Af, we have q = there. This so-called 
"polar hypersurface condition" |l5j implies R > 0, and it 
also implies that Af can reach only those horizons (where 
6 + = 0) which also satisfy p — and are thus minimal 
surfaces. Therefore Frauendiener 's approach in essence 
boils down to the situation considered by Geroch already 
||. An advantage of Frauendiener's 4-dimensional refor- 
mulation is that he can set out from the "weak energy 
condition" to obtain R > instead of imposing the latter 
condition. However, as mentioned before, it is not clear 
whether the constructed hypersurface really reaches J°. 

In the theorem below, we prove the "weak form" (0) 
of the PI for "general" future apparent horizons, within 
the "invariant aproach" and for a restricted class of data. 
We will then show that, modulo smoothness issues, these 
restricions can be omitted within a "gauge" approach 
where, in fact, a large family of hypersurfaces is admitted. 

The following definitions apply to a smooth (but oth- 
erwise arbitrary) foliation of Af by 2-surfaces S(r). Let 
m l denote the unit normal to S{r), <j> the "lapse" (c.f. 
(0)), qij = g^ — miiTij the induced metric, pij the second 
fundamental form of iS in Af, its trace-free part (i.e. 
Uj = pij — (p/2)qij) and p its trace (the mean curvature). 
We will also employ the following decomposition of fey 
w.r. to S(r), 



zmirrij + nriiSj + m 3 Si + qfq l jX k i + ~qqij, (9) 
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where z = fe,- 



qfkjim 1 



and 



Xij = qlq'-kin — (l/2)<7<7y. From p and q we can define 
9 + and 0_ using the expressions following (||). 

Theorem. Let (Af, gij , fey ) be a smooth, asymptotically 
flat initial data set for Einstein's equations with an out- 
ermost future apparent horizon TL (i.e. 6 + = and 
6>_ > on TL) of spherical topology, which satisfies the 
constraints (g),(||), the dominant energy condition, and 
the following additional restrictions 

1 . On (Af, gij ) there exists a smooth inverse mean cur- 
vature flow. 

2. The divergence 8_ (taken with respect to the level 
sets of the IMCF) is positive outside TL. 

3. On each level set of the IMCF, at least one of (a) 
or (b) holds. 
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(a) q/p is constant. 

(b) q ij DiSj = 0, and 9+ > 0. 

Then the PI (0) holds. 

Proof. We show monotonicity of the Hawking mass func- 
tional (|6|). Noting that 9 + 9- = p 2 — q 2 , we compute 
the derivatives of p and q in the direction of m l (the 
IMCF is not required for this step). Using ([)]), the 
3- and the 2-dimensional constraints and the fact that 
4>m l Di'mk = —q 3 k Dj4> in the coordinates (Q) gives 

2 Acb 

2m* AP = -2 — - - I67175 - 2s l s l - 
<P 

XijX ij + ^q 2 + 2zq + 2 R-^p 2 - t i:j t ij , 
1 



m l Diq = 87rjiTO l — Xijt 13 + p(z q) + 



q ij D iSj + 2 



(10) 



where 2 R and 2 A are the Ricci scalar and the Laplacian 
with respect to q^. Next we use that m l D is J~g = Pyfg, 
restrict ourselves to an IMCF (i.e. cf>p — 1) and remove 
the 2 A-term via integration by parts. We obtain, for the 



Lie derivative C^ m i of Mh, 



-C0 m iM ff (5) 
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(ii) 



We first show that \q/p\ < 1 which is obvious when 
conditions 2. and 3.(b) hold. If in turn we assume con- 
ditions 2. and 3. (a), we can write 8+ = 7$- where 
7 = (1 + q/p) /(l — q/p) is constant on each S. Since 
9+ > at some point exterior to 7i, the same is true for 
7. If 7 were to vanish somewhere in the exterior, it must 
vanish on the whole leaf S, in which case 7i would not 
be the outermost horizon. Therefore, 7 > and 9 + > 
in the exterior, which implies our claim. 

Now the dominant energy condition together with 
\<l/p\ < 1 implies that the first term (in parentheses) 
on the r.h. side of ( pd| ) is non-negative. Next, again due 
to \q/p\ < 1, the second and the third terms are positive 
quadratic forms. Finally, the last term vanishes obvi- 
ously by condition 3.(b), by partial integration on S(r) 
due to 3. (a). Hence £^ m iM# > 0, and integrating (|lT 
between the horizon and infinity finishes the proof. 



We remark that conditions 2. and 3. could be sub- 
stituted by any weaker condition which still makes the 
r.h. side of (|ll]) non-negative (in particular we could just 
demand this property). The reason for having selected 
2. and 3. is that these conditions seem to leave enough 
freedom such that, in a given spacetime, they could al- 
ways be satisfied by a suitable choice of the hypersur- 
face. Moreover, they seem simple enough such that this 
conjecture could be proven. In fact, consider a space- 
time M. and an arbitrary (smooth) function F(r) with 
F(0) = — 1 and \F(r)\ < 1 for r > 0. Assuming that "ev- 
erything" is smooth, we can then find a hypersurface Af 
such that the data induced on Af satisfy 1., 2. and 3. (a), 
where r = const are the level sets of the IMCF, with 
7i located at r = 0, and with q/p — F(r). To see this 
on a heuristic basis, assume we have found a "piece" of 
such a hypersurface, bounded by a level set So (given by 
r = ro) of the IMCF. Rescaling the null vectors It and 
1+ emanating from Sq like It = \l+ and l'// — A _1 Zl, 
with A 2 = 9-6^(1 + F{r))(l - F(r))- 1 (and keeping 
A constant along It and It) the spacelike vector field 
\f2vn! 11 = l'j/ + l'_t then determines the direction in which 
Af has to be continued across So- Since F(r) can be cho- 
sen arbitrarily, it is also plausible that a suitable choice 
would make the surface Af reach 1°. 

We now turn to the issue of removing condition 1., both 
for "arbitrary" and for "selected" hypersurfaces. Recall 
that, in the "time-symmetric" context, Huisken and II- 
manen have defined a generalized ("weak") IMCF flow 
H[|. The latter "jumps" at those (countably many) pa- 
rameter values for which the set swept out by the flow 
can be enclosed by another one of the same area but 
with larger volume. Due to the requirement on the area, 
the additional segments of the new hull necessarily con- 
sist of minimal surfaces, i.e. p — 0. Such segments 
do not contribute to Mq, whence the latter increases 
at each jump. In the more general situation considered 
here, these "jumps" seem still appropriate since they go 
well with IMCF. However, they will not directly preserve 
monotonicity of Mh in general. Though probably very 
difficult, this problem could be addressed in several ways. 
First, one could take a pure "initial data" perspective, in 
which the constraints have to be solved at the same time 
as the flow. In this case, the value of q after the jump is 
not given a priori but still needs to be obtained. Thus, 
it is conceivable that general enough initial data exist for 
which Mh is still monotonic at the jumps. Alternatively, 
one could take a spacetime point of view. It may be pos- 
sible to generalize the procedure for defining a hypersur- 
face sketched above for the smooth case, to obtain a weak 
flow such that 2. and 3. are satisfied and Mh is mono- 
tonic. Instead, it may turn out to be necessary to allow 
for more general flows and let the two-surfaces "jump in 
spacetime" , by which we mean that they are not a pri- 
ori restricted to any 3-surface whatsoever. In any case, 
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it seems reasonable to conjecture that the theorem above 
holds if "initial data set" is replaced by "spacetime" , and 
if all conditions 1.-3. are removed. 

Some further comments are in order. 

Equation ( |TT| ) can be written in integral form as 
M H (S 2 ) = M H {Si) + M v . Here M v = J v BdgdS/l6ir, 
B stands for the integrand in (pi]), g = y 'A/ An is an 
areal radius coordinate, Si and £2 are two leaves of the 
foliation and V(S) is the volume of the annulus enclosed 
by 1S1 and £2- Mv is nonnegative under the assump- 
tions stated in the theorem. When S\ reduces to a point, 
My can be regarded as a volume representation of the 
Hawking mass My (£2)- If the internal boundary S\ lies 
outside Tt, we obtain M > y/ A/lQir + My (where A is 
still the area of 7i). Notice that outside Tt the quantity 
My can be useful to give a bound from above to the en- 
ergy norm of matter fields; this may become relevant in 
the investigation of the Cauchy problem. 

As to known special cases of our formula (0), it re- 
duces for kij = to the expression obtained by Geroch 
H and for q — (upon translating to spinor formalism) 
to Frauendiener's expression (equ. (9) of 0). In the 
spherically symmetric case (i.e. when gij and kij are in- 
variant under rotations) the PI was proven by Malec and 
O'Murchadha Jl6| and by Hay ward jL7|. This result can 
also be recovered from the theorem above, since the level 
surfaces of the IMCF are metric spheres in this case, and 
each of the conditions in 3. is obviously satisfied. 

Compared with Jang's ideas for proving the PMT for 
general data, we need to restrict our data strongly, but 
we require only the knowledge of the IMCF rather than 
proving existence for an involved quasilinear PDE. We 
note that Jang sets out from a mass functional which is 
different from @, even after imposing our gauge condi- 
tion 3. Therefore, imposing the latter in Jang's compu- 
tation will not yield the present results. 

Our approach might also be useful to prove the PI in- 
volving the Bondi mass rather than the ADM one. Un- 
der suitable technical assumptions, this version of the PI 
has been obtained by Ludvigsen and Vickers 18 and by 
Bergqvist |l9| by showing that certain mass functionals 
(different from (|^)) are monotonic along null hypersur- 
faces, and that they have the appropriate values at the 
horizon and at null infinity. The same technique has been 
applied to the Hawking mass (||) by Hayward [^0) who 
obtains a pair of monotonicity formulas for Mh along 
the two null directions. We note that by just taking lin- 
ear combinations of Hayward's expressions one does not 
obtain the Lie derivative of Mh in the corresponding 
spacelike direction (as claimed in p0[). 

Finally, we discuss the possibility of obtaining gener- 
alizations of the PI (|l|). For spacetimes with electromag- 
netic fields the inequality M > \Q\, where Q is the elec- 
tric charge 111 12], has been shown (also in the presence 
of apparent horizons) whenever the norm of the charge 



4-current is not larger than the norm of the matter 4- 
current. Moreover, both for the case kij — as well as 
for general horizons in spherically symmetric spacetimes, 
it is known that M > y 'A/lGw + Q 2 ^n/A provided all 
charges are inside TL ]l6pl| ]. Under the same require- 
ments, the same generalized PI can be shown for general 
non-spherical horizons by applying the same arguments 
as in J2l| to our final expression ([ll]). One could also try 
to incorporate the linear momentum into the inequality. 
It might be possible to get (|?|) (or something similar) by 
extracting the momentum out of ( p~Tj ) or, perhaps better, 
by looking for an alternative energy functional which di- 
rectly gives M 2 — P 2 at infinity. 
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